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1. Basic Algebra Quiz
1.1. DONE WITHOUT a computer initially

Try to answer the following questions initially with paper and pen.
For checking, use SAGE.

You can write the answer in the large box and press enter.

Click on the “Ans” button to get a hint.

Shift-click on “Ans” buttons that have a green boundary to get a

full solution.
Click on the green square to go back to the questions.
The last white box shows the number of incorrect answers.

Quiz Answer each of the following.
1.3—-6 mod b =
2.7x -1 mod 11 =
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Section 1: Basic Algebra Quiz

3. In SAGE maths type:
F9.< ¢ >=GF(9);list(F9); F9.characteristic(); c+c+c;
What is the characteristic of GF(9)?

4. What is the characteristic of GF(7)?
5. What is the characteristic of GF(256)?
6. What is the characteristic of GF(3%)?

7. What is the characteristic of GF(16)?
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8.

10.

11.

12.

13.

Recall the Fermat-Euler theorem (this is also related to the next
exercise INDIRECTLY through the concept of cyclic groups with
study of elements of type g, but first we study the standard ver-
sion). In which multiplicative structure this theorem works?

. How many elements in (Z/11Z)*?

Find a single element that generates (Z/117Z)".

What is the order of 5 in (Z/11Z)"?
What is the Discrete Logarithm of 5 in basis 2 in (Z/11Z)"?

Type the following code:

[(1,GCD(i,8)) for i in range(0,8)]
What is the value of ¢(8)?
<4« 4.4 < | 2 Back



Section 1: Basic Algebra Quiz 5

14. GF(q) denotes a finite field, where ¢ = p™. What is the size of
the multiplicative group inside GF(9)?

15. In SAGE maths write the following lines:
F9.< ¢ >=GF(9); ¢"8; (c+1).multiplicative_order(); How many
distinct elements of the form c* exist inside GF(9)? What are the
possible values for GCD(k, 8) in all these cases?

16. Does ¢ + 1 belong to the cyclic subgroup generated by c¢?

17. What is the discrete logarithm of ¢ + 1 in the basis ¢?

18. How many out of these c¢* are generators of GF(9)*?

How many elements are (multiplicative) generators of GF(9)*?
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19. Is ZlO a field?
True False
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1.2. Basic Maths in SAGE

Find Sage commands to answer the following questions, and copy the
answers into the boxes.

Click on the “Ans” button to get a hint.

Shift-click on “Ans” buttons that have a green boundary to get a
full solution. Click on the green square to go back to the questions.

Quiz Answer each of the following.
1. What are the factors of 123456787

2. What is the ged of 3579609 and 8903879677

3. Is 478 invertible mod 13297 Hint: 1329=3%443.
4. What is 478! mod 13297

5. Is there a practical method to know if 478! mod N is defined
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Section 1: Basic Algebra Quiz 8

when we do not know the factors?

6. Is there a practical method to find an element @ such that a=!
mod N is NOT defined when we do not know the factors?

7. Is 253647728826477399266772652772816653569721 a prime num-
ber?

8. What are the prime divisors of 22667197

9. What is the next prime number after 1 million?
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Section 1: Basic Algebra Quiz 9

10. Create two (2 x 2) vectors, and two matrices with sizes (3 x 1)
and (1 x 3). Multiply the first pair together, and the second pair
together (Leave answer box blank).
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Solutions to Quizzes

Solution to Quiz: When working mod 5, we can add and subtract
multiples of 5 freely.

3-6=8-6 mod5=]2]

<< > > < > Back
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Solution to Quiz: Working modulo 11.

7x—1=-7 mod 11 =[4]
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Solutions to Quizzes 12

Solution to Quiz: The number of elements in (Z/NZ)" is ¢(N),
so in this case, the answer is ¢(11) = 10. In SAGE we can type:
euler_phi(11) [ |
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Solutions to Quizzes 13

Solution to Quiz: If we compute the powers of 2 modulo 11, we
get 2,4,8,5,10,9,7,3,6,1, so 2 is a generator. Alternatively, by La-
grange’s Theorem, the order of an element divides the size of the
group. The size of the group is 10, so the only possibilities for the order
of an element are 1, 2, 5, and 10. A group generator should have order
10 to generate every group element, so to check that 2 is a generator,
we just have to check that 22 # 1 mod 11, and 2° # 1 mod 11, im-
plying that 2 has order 10. We can also try this: primitive_root(11)
|
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Solution to Quiz: The smallest n such that 5 = 1 mod 11 is

n = 5.Alternatively, by Lagrange’s Theorem, the order of an element

divides the size of the group. The size of the group is 10, so the only

possibilities for the order of an element are 1, 2, 5, and 10. Therefore,

it is enough to check that 52 # 1 mod 11, and 5° = 1 mod 11. We
R = Integers(11)

can also type this: a = R(5) [
a.multiplicative_order()
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Solution to Quiz: Can be done by brute force. We can type this:
R = Integers(11); R(5).log(R(2)) ]
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Solution to Quiz: False, Z;( is not a field, because 2 and 5 are not
invertible. |
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Solution to Quiz: A = matriz([[2,3],[3,2])
B = matriz([[3,4], [1,1])
AxB

A = matriz([[2,3,1]])

B = matriz([[3], [1], 2])
Ax B
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